The paper is concerned with a two-dimensional Landau-Lifshitz equation which was first raised by A. DeSimone and F. Otto, and so fourth, when studying thin film micromagnetics. We get the existence of a local weak solution by approximating it with a higher-order equation. Penalty approximation and semigroup theory are employed to deal with the higher-order equation.
Introduction
Landau-Lifshitz equations are fundamental equations in the theory of ferromagnetism. They describe how the magnetization field inside ferromagnetic material evolves in time. The study of these equations is a very challenging mathematical problem, and is rewarded by the great amount of applications of magnetic devices, such as recording media, computer memory chips, and computer disks. The equations were first derived by Landau and Lifshitz on a phenomenological ground in 1 . They can be written as
where × is the vector cross product in R n n ≥ 2 , m m 1 , m 2 , . . . , m n : Ω × 0, ∞ → R n is the magnetization and α 2 is a Gilbert damping constant. The system 1.1 is implied by the conservation of energy and magnitude of m.H m −δE/δm is the unconstrained first variation of the energy functional E m . The magnitude of the magnetization is finite, that is, |m| 
.1 has been widely studied. In the case β 0, α / 0, 1.1 corresponds to the heat flow for harmonic maps studied in 2, 3 ; if β / 0, α / 0 which implies strong damping in physics , the interested readers can refer to 2, 4-7 for mathematical theory; while in the conservative case, that is, β / 0, α 0, 1.1 corresponds to Schrödinger flow which represents conservation of angular momentum 8 . The numerical treatment to the problem can be found in 9, 10 .
Recently, the study of the theory of ferromagnetism, especially the theory on thin film, is one of the focuses for both physicists and mathematicians. In the asymptotic regime which is readily accessible experimentally, DeSimone and Otto, and so forth, deduced a thin film micromagnetics model in which self-induced energy is the leading term of the free energy functional see 11 . The physical consequences of the model are discussed further in 12 . The free energy functional is E m R 2 |ξ · mχ Ω | 2 /|ξ| dξ. We have δE/δm −∇ −Δ −1/2 div m see Section 2 for detailed computation and the Landau-Lifshitz equation
2 is a flat torus. u · v is the inner product. To the best knowledge of ours, this is the first time a new model has been raised. Equation 1.4 is not easy to deal with because of lower order of differential operator with respect to x-variable and its strong nonlinear term. Inspired by physical prototype of the problem, we approximate it by a second-order equation,
.5 is the Landau-Lifshitz equation corresponding to the free energy E m ε Ω |∇m| 2 dx R 2 |ξ · mχ Ω | 2 /|ξ| dξ, sum of exchange and self-induced energy. One difficulty in dealing with 1.5 lies in the nonconvex constraint |m ε | 1, which is overcame by considering a penalty approximation mimicking treatment of harmonic maps. To get existence of a unique mild solution of the penalized equation, we first give the formal solution of the corresponding Abstract and Applied Analysis 3 linear equation, which requires special tricks and techniques. In the convergence process, a compensated compactness principle is applied.
The rest of this paper is organized as follows. Section 2 is devoted to studying 1.5 . More precisely, we first study the penalized equation. In order to do this, we consider the corresponding linear equation and get its formal solution and well-posedness, then we get the existence of a unique mild solution of the penalized equation using semigroup theory. Second, we get the existence of a weak solution of 1.5 by passing to the limit in the penalized equation. The key point in the convergence process relies on a compensated compactness principle. In Section 3, we get existence of weak solution of 1.4 in Theorem 3.1 by passing to the limit in 1.5 as ε → 0.
Approximation Equations
In this section, we always suppose that T 2 R 2 / 2πZ 2 is the flat torus. We prove existence of a weak solution of the following equations: 
we have
2.7
By the cross product of m ε and 2.7 , we have 
The Penalized Equation
In the spirit of 13 , we first construct weak solutions to a penalized problem, where the constraint |m ε | 1 is relaxed:
2.13
Here
In order to prove the existence of a mild solution of semilinear system 2.11 -2.13 , we consider the corresponding linear equation.
The Corresponding Linear Equation
First, we consider the corresponding linear equation of 2.11 -2.13 in the whole space:
2.14 where m 0 x m 01 x , m 02 x . While dealing with linear equation 2.14 , we just write m instead of m k unless there may be some confusion. By Fourier transform in the x-variable, 2.14 are turned into
2.15
For each fixed ξ, the problem has a unique solution 
Proof. From 2.21 and 2.30 , 
Existence of a Unique Mild Solution of the Penalized Equation
First, let us recall a classical theorem in the theory of semigroup. 
2.39
has a unique mild solution u on 0, T . Moreover, if T < ∞, then lim t → T u t ∞.
